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In this paper, certain examples of comparison between the selected definition of the stochastic
technical stability (for motor vehicle models) and the ISO definitions (developed for real
vehicles) have been discussed. Being able to refer the examined stability of a mathematical
model to the real object may result in verifying the properties of the latter on the basis
of model tests, instead of the field trials. Such an attempt has been presented previously,
but in a more general approach. The aim of this paper is to present a certain attempt to
compare the results obtained for a simulated vehicle model in virtual environment with the
specific definitions of stability dedicated to the real motor vehicles. The background of this
considerations liesin the examination of the stochastic technical stability, which allows any
mechanical system undergo external random disturbances, such as road irregularities.
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1. Introduction

In the analysis of stability it seems important to choose an appropriate definition which, de-
pending on the ease of interpretation and nature of disturbances, allows analysis of the tested
object. The ability to refer the obtained results to real-world objects (e.g. motor vehicle) seems
to be important, for which stability criteria are determined according to the ISO standards.
Stability of a nonlinear mathematical model of a motor vehicle, with additional external

disturbances, is considered. Disturbances stemming from road irregularities are assumed as a
stochastic process, stationary in broader sense as well as globally ergodic, which enabled analysis
based on a single trajectory representing motion of the vehicle (Kisilowski and Zalewski, 2008).

For motor vehicles, the stability is adopted in accordance with ISO 8855:1991 which, in
comparison to the stochastic technical stability, gives an opportunity to examine the motor
vehicle stability on the basis of an exemplary model (described with the use of differential
equations) and refer the results to the real one, in real maneuver.

The term “stochastic” has been previously connected to the aspects of stability, e.g. in
(Khasminskii, 2012; Kisilowski and Zalewski, 2016), however not related to the ISO standards.
Stability was also examined for motor vehicles, e.g. in (Karnopp, 2004), however not combining
both the use of the stochastic technical stability and the ability to relate the results to real
vehicles.
Certain aspects of vehicle stability were considered previously. For example, in (Chung and

Yi, 2006) motor vehicle stability control based on the side slip angle was proposed, as well as
the the evaluation of certain control schemes on a virtual test track. In (Doumiati et al., 2013)
the investigation on the coordination of active front steering and rear braking for a driver-assist
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system in yaw control of a motor vehicle was proposed. In (Güvenç et al., 2009) asymmetrical
load in a vehicle, combined with µ-split braking forces caused by side wind or unilateral tire
pressure loss was examined. As a result, unexpected yaw disturbances were observed, which
required yaw stabilisation provided either by a driver or by an automatic driver-assist system.
Stability was also examined in relation to control systems. In (Segawa et al., 2001) the so-

-called D∗ control system was proposed, which, according to the authors, could offer mainly
high steering response and reduced driving effort, whereas in (Zheng et al., 2006) the use of the
vehicle yaw moment and wheel slip control were used in the dynamic control system, mainly for
tracking the desired vehicle behaviour.
Taking the above into consideration, it is fair to say that research on the vehicle stability has

two major directions: vehicle dynamics with the use of mechanical dependencies and control with
the use of systems basing on the obtained data. It seems however important that the mechanical
reliances could be connected with simulation results and normalized descriptions (ISO).
Analysis of the possibility to compare results obtained in a simulation with the ISO standards

was presented in (Kisilowski and Zalewski, 2015). However, it was not previously discussed on
specific examples.
In this paper, the motor vehicle model, considered as well in (Kisilowski and Zalewski, 2016),

is used as an example. It seems questionable when, under what circumstances, a vehicle after
accident and repair is roadworthy. In order to provide the realism of the analysed problem,
the stochastic technical stability definition is taken into consideration, as it provides random
disturbances acting on the mechanical system (here the vehicle). One of the discussed examples
was previously created in (Kisilowski and Zalewski, 2016).

2. Stability of a motor vehicle

The concept of stability in terms of motor vehicle motion is presented in ISO 8855: 1991. To so
called steady-state of the vehicle is described as a condition in which the sum of all external and
inertial forces and moments forms a constant. Other conditions have been described as other
states (non-steady). Hence, definitions of stability, quoted in the paper (Kisilowski and Zalewski,
2016), are as follows:

• non-periodic stability – stability characteristic at a prescribed steady-state equilibrium if,
following any small and temporary disturbance or control input, the vehicle will return to
the steady-state equilibrium without oscillation;

• neutral stability – stability characteristics at a prescribed steady state equilibrium if, for
any small and temporary disturbance or control input, the vehicle motion remains close
to the motion defined by the steady-state equilibrium, but does not return to it;

• oscillatory stability – oscillatory vehicle response of a decreasing amplitude and a return
to the original steady-state equilibrium;

• non-periodic instability – ever-increasing response without oscillation;

• oscillatory instability – oscillatory response of an increasing amplitude about the initial
steady-state equilibrium.

3. Stochastic technical stability

Stochastic technical stability is defined according to, e.g. (Bogusz, 1972), where a system of
stochastic equations is assumed

dx

dt
= f(x, t, ξ(t)) (3.1)
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where x = (x1, . . . , xn) and f(x, t, y) = (f1, . . . , fn) and ξ(t) = (ξ1, . . . , ξn) are vectors and ξ(t)
for t  0 is a stochastic process which describes random disturbances. Any set of equations can
be represented by such a system (Kisilowski and Zalewski, 2016).

The function f(x, t, y) is assumed to be determined for each x ∈ En, y ∈ En and t  0.
Absolute integrability is assumed for a stochastic process f(0, t, ξ(t))

P

{ T
∫

0

|f(0, t, ξ(t))| dt <∞

}

= 1 for each T > 0 (3.2)

as well as the existence of another stochastic process f(X, t, ξ(t)), which fulfills the Lipschitz cri-
terion in [0, T ] interval for another process η(t), also absolutely integrable in that given interval.
This assumption is described as follows

|f(x2, t, ξ(t))− f(x1, t, ξ(t))| ¬ η(t)|x2 − x1| (3.3)

As a result of the above assumptions, there exists only one solution of the set of equations
(3.1), being an absolutely continuous stochastic process with the probability 1 for t  t0, with
the initial conditions t = t0 and x(t0) = x0.

It is also assumed that there exist two areas in the Euclidean space En: ω – limited and open
and Ω – limited and closed, where ω ⊂ Ω. There is as well a positive number ε, where 0 < ε < 1
and the stochastic process X(t) specified for t  t0.

Initial conditions for each solution are t = t0, x(t0) = x0 and the solution itself is presented
as (t, t0, x0).

Definition of the stochastic technical stability reads: if every solution of equation (3.1), with
its initial conditions belonging to ω, remains in the Ω area with the probability 1−ε, then system
(3.1) is stochastically technically stable towards ω, Ω and the process ξ(t) with the probability
1− ε (Fig. 1).

Fig. 1. Graphic interpretation of the stochastic technical stability. Source: Bogusz (1972)

It can also be described by the formula

P{(t, t0, x0) ∈ Ω} > 1− ε for x0 ∈ ω (3.4)

The above definitions of the motor vehicle stability according to ISO standards can be com-
pared with the stability defined for mathematical models, according to certain assumptions and
criteria which concern not only the vehicle but the disturbances coming from road irregularities
as well. It was previously theoretically discussed in (Kisilowski and Zalewski, 2015) but with no
specific examples. As a result, the following conclusions were made in relation to the stochastic
technical stability versus the ISO standards. All comparisons are possible if trajectories of the
vehicle are taken into account.
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The definition of non-periodic stability can be compared with the stochastic technical stabi-
lity provided that the accepted disturbances will generate a relatively small deviation from the
assumed stable motion, because the return to this state should seem fluent without oscillations.
In the presented case, random disturbances could, for example, originate from transverse irregu-
larities of the road as well as a strong blow of wind whose resultant force would be perpendicular
to the plane of symmetry of the vehicle. This may cause transverse drift of the vehicle.

The neutral stability (motion close to the steady-state, but without oscillations) can as well
be compared to the stochastic technical stability, because of the assumption that the solution
remains in the acceptable area around the steady-state.

The comparison seems also be possible between the oscillatory stability and the stochastic
technical stability, since both definitions provide return of a representative point of the vehicle
to the steady-state. Also implementing stochastic disturbances that cause oscillations seems
important when considering the vehicle response. Oscillatory stability does not have to mean a
periodic decrease of the trajectory amplitude.

Both periodic and non-periodic instabilities characterised by the strengthening of the vehicle
response with or without oscillation, respectively, can be compared to the stochastic technical
stability depending, among others, on which the model is analysed (linear or non-linear) and
what type of disturbances are taken into account (constant or random).

4. Comparison of the methods

The above conclusions show that stability of technical objects presented as mathematical mo-
dels with the use of differential equations (in this case motor vehicles) seems to be a valuable
tool for analysis of the correctness of their functioning. Moreover, significant seems the fact of
the possibility of experimental verification of tested models by analysing motion of their real
counterparts.

In this Section, certain examples of comparison between the stochastic technical stability
and selected ISO standards are shown. Three presented examples show simulation results for a
sports two seater (in MSC Adams/Car environment), differently laden and moving in different
road conditions. Description of this model was presented, among others, in (Zalewski, 2014a,b).
In each given case the FTIRE (flexible tire ring) tire model was used instead of the PAC89
originally attached to the vehicle model, because of random irregularities in the road surface.
Typical tire models do not allow running simulations on two-dimensional stochastic uneven road
profiles, where the wavelength of a single irregularity is less than the wheel radius (Zalewski,
2014a,b).

Nominal parameters of the considered model of the motor vehicle in MSC Adams/Car have
been adopted as in (Zalewski, 2014a,b):

• mass of the unladen vehicle: mUB = 995 kg;

• location of the “origo” point in relation to the front edge center of the unladen vehicle:
xc = 0.9m, yc = 0m, zc = 0.48m;

• nominal location of the center of mass in relation to the “origo” (Kisilowski and Zalewski,
2016) in the unladen vehicle: xc = 1.5m, yc = 0, zc = 0.45m;

• nominal values of the inertia moments for the unladen vehicle relative to the axes which
intersect the “origo” point: Ix = 401 kg·m

2, Iy = 2940 kg·m
2, Iz = 2838 kg·m

2;

• nominal values of the deviation moments of inertia of the unladen vehicle relative to the
same intersecting “origo”: Ixy = 0, Ixz = 671 kg·m

2, Iyz = 0.
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Example I

As the first example, results from the work (Zalewski, 2014) are presented, where a single
lane change maneuver has been simulated using the model described previously as well in the
MSC Adams/Car component.
Assumptions for the vehicle load and the course of maneuver have been taken as follows:

• mass of the vehicle was increased by the baggage (mB = 60 kg), driver (m1 = 75 kg) and
passenger (m2 = 110 kg);

• initial speed of the vehicle moving at the fifth gear was 100 km/h;

• coordinates of the center of mass in the laden vehicle with respect to “origo”:
xcL = 1.472m, ycL = 0.085m, zcL = 0.454m;

• inertia and deviation moments of inertia with regard to “origo”: IxL = 464 kg·m
2,

IyL = 3442 kg·m
2, IzL = 3295 kg·m

2, IxyL = 155 kg·m
2, IxzL = 828 kg·m

2, IyzL =
47.8 kg·m2.

The above mentioned “origo” point is the origin of the coordinate system located underneath
the vehicle model (on the ground level) but moving along with the model during simulation. It
is presented in Fig. 2.

Fig. 2. Location of the “origo” point. Source: MSC Adams/Car

The vehicle model used here had non-linear elastic – damping elements. In Fig. 3, the spring
deflection, whereas in Fig. 4 – the damping force versus velocity of the acting damper are
presented. A MacPherson column based suspension is used in the model.

Fig. 3. The force – spring deflection characteristics in the vehicle suspension. Source: Zalewski (2014a)
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Fig. 4. The damping force – damper velocity characteristics in the vehicle suspension.
Source: Zalewski (2014a)

A single lane change maneuver simulation has been carried out for the following configura-
tions:

a) vehicle laden as shown above, riding on a flat and icy road (µ = 0.3);

b) vehicle laden as shown above and riding on an icy and randomly uneven road.

The maneuver has been realised on a 480m long road section at a constant speed of 100 km/h.
Random disturbances acting on the vehicle as road irregularities were described among others in
(Zalewski, 2014a). The discussed maneuver has been carried out for extreme icy road conditions.

As a result, two trajectories were obtained, each for one of the above described configurations.
The thin curve marks the vehicle trajectory on a flat surface, whereas the bold curve – the
trajectory obtained for the uneven road (Fig. 5).

Fig. 5. Lateral displacement versus covered distance. Source: Zalewski (2014a)
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Example II

Another example is based on the results obtained from (Zalewski, 2014). By adding mass of
the driver (m1 = 75 kg), passenger (m2 = 105 kg) and baggage (mB = 50 kg), the entire mass
of the vehicle model increased (Figs. 6 and 7), so that new parameters of mass – inertia in the
vehicle body were determined:

• disturbed location of the mass center with regard to the “origo”: xcL = 1.481m,
ycL = 0.081m, zcL = 0.454m;

• inertia moments of the vehicle with regard to the axes intercecting the “origo”:
IxL = 461 kg·m

2, IyL = 3441 kg·m
2, IzL = 3297 kg·m

2;

• deviation moments of the vehicle with regard to the axes intersecting the “origo”:
IxyL = 148 kg·m

2, IxzL = 824 kg·m
2, IyzL = 45.5 kg·m

2.

Simulation of the impulse steer maneuver described in (Zalewski, 2014a) was carried, among
others, for the icy even and icy, uneven road surface with randomly occurring irregularities. The
vehicle moved at the speed of 70 km/h, and its course was disturbed by implementing an impulse
turn of the steering wheel about 90◦ counterclockwise.
The spring – damping elements were non-linear, similarly as in the first example, so the

results depended on initial conditions and concerned only such cases as discussed in this paper.
Two vehicle configurations were selected for analysis: the laden vehicle on an icy flat road

surface and the laden vehicle on an icy road surface with randomly appearing irregularities.

Fig. 6. The Ω area of the feasible solutions containing parts of the obtained trajectories.
Source: Zalewski (2014a)

The simulation took place on a 107m length section of a straight road. Two trajectories for
the described motion conditions were selected for further analysis – both representing the above
discussed configurations, respectively (Fig. 6).

Example III

According to the work (Kisilowski and Zalewski, 2016), the following configuration of distur-
bances has been assumed:

• the vehicle was laden with the driver (md = 74 kg), passenger (mp = 105 kg) and baggage
(mb = 45 kg).

As in the previous examples, new coordinates of the center of mass have been determined:

• location of the center of mass for the laden vehicle in regard to the “origo”: xcL = 1.562m,
ycL = 0.016m, zcL = 0.471m;
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• inertia moments of the laden body with regard to the axes intersecting the “origo”:
IxL = 460 kg·m

2, IyL = 3624 kg·m
2, IzL = 3464 kg·m

2;

• deviation moments of the laden body with regard to the axes intersecting the “origo”:
IxyL = 29 kg·m

2, IxzL = 863 kg·m
2, IyzL = 8.8 kg·m

2.

An incomplete double lane change maneuver has been simulated. After the maneuver was
finished, the vehicle remained in the middle of width of a single-lane road. The vehicle drove at
the speed of 120 km/h, reflecting the necessity of an emergency response to an emerging obstacle.
The simulation was carried out in MSC Adams/Car component as well in two configurations:

• laden vehicle moving on a dry and flat road;

• laden vehicle on an icy and randomly uneven road.

The resulting two trajectories for the described case are shown in Fig. 7.

Fig. 7. Lateral displacement of the vehicle model versus the distance covered, for the laden vehicle body
and both road surface conditions. Source: Kisilowski and Zalewski (2016)

Basing on the obtained simulation results for three different maneuvers in different road
conditions, certain conclusions can be made. Provided that such analysis can be conducted on
the basis of the obtained trajectories, it seems possible to compare the stochastic technical
stability with the stability according to ISO standards, both for the motor vehicle in virtual and
real world, respectively.

As in Example I, it can be seen that both trajectories in Fig. 5, after performing the single lane
change, remain close to each other. If the thin line was assumed to be the steady state motion,
than the thick line could be regarded as neutrally stable, according to the ISO definitions. It
seems that the qualitative assesment of both obtained trajectories is sufficient in the given case.

In Example II, however, it seems that the vehicle realising motion along the thick line is non-
periodically unstable versus the thin line, assumed to be the steady state motion. For the first
100m of the covered distance, the difference between the lateral displacement of both trajectories
for the horizontal axis (distance [m], Fig. 6) increased without oscillation, as according to the
ISO standards.

Finally, for the trajectories obtained in Example III (Fig. 7), it seems not easy to justify
whether the thick line is oscillatory or neutrally stable versus the thin line. However, none of the
given examples proved to be oscillatory unstable or non-periodic stable (none of them returned
to the assumed steady state).
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5. Conclusions

Basing on the presented results, certain conclusions can be made. It seems that comparison
between stability of vehicles examined in virtual reality with the use of the given mathematical
definition, and stability as a feature of real vehicles as mechanical objects described according
to the specified norm, is possible. Moreover, the presented method seems versatile enough to be
used in other examples, i.e. different vehicle models and different maneuvers.
Correctness of the final results in this case seems to depend on the accuracy of the vehicle

model as well as simulation of its motion. However, vehicle stability, considered as a certain
feature of each vehicle in the period of its maintenance, does not seem to require vehicle models
being as accurate as the real vehicles. The ability to specify the mass – inertia parameters of
the modeled vehicle seems to be the most important.

References

1. Bogusz W., 1972, Technical Stability (in Polish), PWN, Warszawa

2. Chung T., Yi K., 2006, Design and evaluation of side slip angle-based vehicle stability control
scheme on a virtual test track, IEEE Transactions on Control Systems Technology, 14, 2

3. Doumiati M., Sename O., Dugard L., Martinez-Molina J.J., Gaspar P., Szabo Z., 2013,
Integrated vehicle dynamics control via coordination of active front steering and rear braking,
European Journal of Control, 19
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